The main aim of this study is to apply the Gegenbauer polynomials for the solution of high-order linear differential difference equations with functional arguments under initial-boundary conditions.The technique we have used is essentially based on the truncated Gegenbauer series and its matrix representations along with collocation points. Also, by using the Mean-Value Theorem and residual function, an efficient error estimation technique is proposed and some illustrative examples are presented to demonstrate the validity and applicability of the method.
Introduction
Differential-difference equations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] ) , denote the Gegenbauer polynomials defined by [16] [17] [18] [19] [20] 
or recursively
with G 0 ( , ) = 1 and G 1 ( , ) = 2 . On the other hand, by using (4), the first four Gegenbauer polynomials are given by
Fundamental matrix relations
Let us consider the solution y( ) of Eq. (1) defined by the truncated Gegenbauer series (3):
Then we can convert the finite series (3) to the matrix form as, for = 0, 1, … ,
On the other hand, by using the relation (4), the matrix ( , ) is obtained as
where
İf N is odd,
Also, it is clearly seen from (6) that the relation between the matrix ( , ) and its derivative ′ ( , ) is
and that repeating the process
From the matrix relations (5), (6) and (7), it follows that
By substituting → + , → into the relation
so that , for , ≠ 0,
Gegenbauer collocation method
For constructing the fundamental matrix equation, we first consider the collocation points defined by, for = 0, 1, … , ,
Then, by using the collocation points (10) into (1),
we have the system of the equations
or briefly the corresponding matrix equation
On the other hand, by substituting the collacation points (10) into (8) and (9), we obtain the matrix
Therefore, the fundamental matrix equation (11) becomes
Now we can find the fundamental matrix form for the conditions (2), by using the relation (8), as follows:
Then, we can write the following fundamental matrix equations (12) and (13) Firstly, let us compute the approximate solution in the form defined by
The set of the collocation points for N=2 is calculated as 
The exact solution of problem is ( ) = cos ( ).
Firstly, the approximate solution 3 ( ) by the truncated Gegenbauer series for = 3 is given by
Then, the set of the collocation points for = 3 is calculated as
and from Eq. (12), the fundamental matrix equation of the problem is written as
After some operations, we obtain following matrices: Firstly, let us compute the approximate solution 2 ( ) by the truncated Gegenbauer series for = 2 is given by
=0
The set of the collocation points for = 2 is calculated as 
